In this paper, the authors employ an abstract continuous theorem of k-set contractive operator and some analysis techniques to study a neutral population model with multiple delays as follows
§1. Introduction
Let ω > 0 be a constant, C ω = {x|x ∈ C(R, R), x(t + ω) ≡ x(t)} with the norm defined by |x| 0 = max t∈ [0,ω] |x(t)|, and C In the past few years, the problems of positive periodic solutions for some Lotka Volterra population models with delay were studied by [1] [2] [3] [4] . Also, there were some work, see [5] [6] [7] and the references therein, to study the problems of boundedness and stability of solutions to some neutral population models with delay. In 1993, Kuang Yang in paper [8] proposed an open problem(open problem 9.2) to obtain sufficient conditions for the existence of positive periodic solutions of the following equation 
(t)[a(t) − β(t)N(t) − b(t)N(t − τ (t)) − c(t)N (t − τ (t))], (1.1) where a(t), β(t), b(t), c(t)
and τ (t) are all in C ω with a(t) ≥ 0, τ(t) ≥ 0, ∀t ∈ [0, ω]. In recent years, some researchers have paid much attention to such an open problem. For example, Fang Hui and Li Jibin in paper [9] studied Eq.(1.1) and gave an answer to open problem 9.2 of paper [8] , and also in [10] , Lu and Ge consider the existence of positive periodic solutions for the following neutral population model with multiple delays
where
There is a constant r 0 > 0 such that
where l j is a constant with
In this paper, we continue to study the existence of positive periodic solutions to Eq. (1.2). By using an abstract continuation theorem for k-set contraction [11, 12] and some analysis techniques, a new result on the existence of positive periodic solutions is obtained. The interest is that the conditions guaranteed the existence of positive periodic solutions to Eq.(1.2) are different from the corresponding ones of [10] . For example, we require
which is weaker than condition (1.3). In order to study the problem of existence of positive periodic solution to Eq.(1.2), we take the substitution N(t) = e x(t) , and then (1.2) can be rewritten in the following form For the sack of applying an abstract continuous theorem of k-set contractive operator to study Eq.(1.4), we should make some preparations in the fist for the convenience of the reader.
Let E be a Banach space. For a bounded subsetA ⊂ E, 
is a finite number of subsets
where k is a constant. Also, for a Fredholm operator L : X → Y with index zero, according to papers [11, 12] we may define that
Lemma 2.1 [13] . Let L : X → Y be a Fredholm operator with zero index, and a ∈ Y be a fixed point. Suppose that N : Ω → Y is a k−set contractive with k < l( L), where Ω ⊂ X is bounded, open, and symmetric about 0 ∈ Ω. Further, we also assume that (1) Lx = λN x + λa, for x ∈ ∂Ω, λ ∈ (0, 1), and
In order to use Lemma 2.1 to study Eq. (
and N : X → Y defined by 
As Lemma 2.3 can be proved in the same way as in the proofs of Lemma 3 of [14] , we omit it here.
Remark 2.2: By using Lemma 2.4, we see
, we see that either t − τ i (t) or t − σ j (t) has a unique inverse. Throughout this paper, we set γ i (t), μ j (t) to represent the inverse of function t − τ i (t) and t − σ j (t)(i = 1, 2, · · · , m; j = 1, 2, · · · , n), respectively. Furthermore
where c 0,
, (i = 1, 1, · · · , m), and
Remark 3.1: By Lemma 2.4, we see
Similarly,
Thus,
Theorem 3.1 Suppose that the following conditions hold.
[
Then Eq.(1.2) has at least one positive ω− periodic solution, where Γ(t) and Γ 1 (t) is defined by (3.1) and (3.2), respectively.
Proof: From Remark 1.1 and Remak 2.1, it suffice to show that the equation Lx = N x + a has a solution x ∈ C ω , where a := a(t), N , L is defined by (2.1) and (2.2), respectively. In order to do it, let u(t) be an arbitrary ω−periodic solution of the operator equation as follows
(3.4) Integrating both sides of (3.4) over [0, ω], we havē
In view of Remark 2.1, we see
So from (3.5), we get 
In what follows, we will prove that Lx = λN x + λa, ∀λ ∈ (0, 1) and ∀x ∈ ∂Ω.
Suppose the contrary. Then there must be a λ ∈ (0, 1) and an x ∈ ∂Ω such that Lx = λN x + λa, i.e.,
(3.9) From (3.7), we see
In view of x ∈ ∂Ω, we see either |x| 0 = r 0 and |x | 0 ≤ r 1 ; or |x | 0 = r 1 and |x| 0 ≤ r 0 . Case 1. If |x| 0 = r 0 , then from (3.9) we get
By (3.6) and |x| 0 = r 0 , we see from the above inequality that
As e
So by (3.10), we have
Case 2. If |x | 0 = r 1 and |x| 0 ≤ r 0 , then by (3.7) we see
It follows that
which is also contradicts (3.8). So
Now, we define a bounded bilinear form
Without loss of generality, we may assume that x ≡ r 0 . Thus
(3.12)
It follows from (3.12) that
Therefore, by using Lemma 2.1, we obtain that Eq.(1.2) has at least one positive ω− periodic solution.
For example, let us consider the following equation Therefore, by applying Theorem 3.1, we see Eq.(3.13) has at least one positive 2π−periodic solution. 3) is not satisfied. So the result of the above example can not be obtained by [10] .
